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Abstract We develop the axisymmetric Synthetic

Schlieren technique to study the wake of a microscale

sphere settling through a density stratification. A

video-microscope was used to magnify and image

apparent displacements of a micron-sized random-dot

pattern. Due to the nature of the wake, density gradi-

ent perturbations in the horizontal greatly exceed

those in the vertical, requiring modification of previ-

ously developed axisymmetric techniques. We present

results for 780 and 383 lm spheres, and describe the

limiting role of noise in the system for a 157 lm sphere.

This technique can be instrumental in understanding a

range of ecological and environmental oceanic pro-

cesses on the microscale.

1 Introduction

Optical techniques based on the relation that typically

exists between density and refractive index have long

been used to visualize perturbations in a stratified fluid.

Examples include the classic schlieren (Toepler 1864)

and Moiré fringe techniques (Burton 1949). Synthetic

Schlieren is a digital implementation of this idea that

was recently developed for quantitative investigations

of two-dimensional, linear internal-wave fields (Dalziel

et al. 2000; Sutherland et al. 1999), and qualitative

visualization of nonlinear internal waves (Peacock and

Tabaei 2005). A similar digital technique, Background

Oriented Schlieren, as reviewed by Venkatakrishnan

and Meier (2004), has been applied to study the

dynamics of compressible vortices (Richard and Raffel

2001). Most recently an axisymmetric formulation of

Synthetic Schlieren has been developed (Onu et al.

2003) and used to study internal waves excited by a

vertically oscillating sphere (Flynn et al. 2003). This

approach exploits radial symmetry and inverse tomo-

graphic techniques to study axisymmetric perturba-

tions in a stratified fluid.

To date, investigations using Synthetic Schlieren

have been concerned with phenomena occurring on

lengthscales in the range of 10 mm–1 m. However,

many processes in stratified fluids occur at scales of

microns to millimeters; in particular, ecologically and

environmentally relevant phenomena in the ocean.

Ubiquitous settling of marine snow aggregates (0.5–

20 mm) and zooplankton fecal pellets (0.04–1 mm), for

example, is responsible for a net export of limiting

elements from the upper ocean, and can lead to strong

accumulations of particles at density interfaces

(McIntyre et al. 1995). The formation of these layers
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could be favoured by the strong increase in drag

associated with the stratification, predicted numerically

(Torres et al. 2000). These layers in turn trigger accu-

mulation of bacteria and phytoplankton, forming eco-

logical hotspots of growth and productivity.

Furthermore, there is indication that settling aggre-

gates are themselves of major importance in channel-

ing dissolved organic matter to the microbial loop via

bacterial uptake, ultimately affecting the global carbon

cycle (Azam and Long 2001). A full understanding of

these processes requires the ability to visualize and

understand the fluid mechanics of a stratified system at

these small scales.

To study microscale particles settling in a homoge-

nous fluid, it is convenient to scale up the size of an

experiment, using a more viscous fluid to maintain

dynamic similarity. This is not feasible in the presence

of stratification, however, because one cannot appro-

priately scale diffusion of the stratifying agent. There-

fore, the settling of microscale particles in a stratified

ambient must indeed be studied on the microscale,

demanding challenging experiments, of which there are

few. One example is the study of Srdić-Mitrović et al.

(1999) who tracked submillimeter spheres traversing

sharp density interfaces.

To address our limited knowledge of processes

involving small-scale disturbances in stratified fluids,

we herein extend Synthetic Schlieren to submillimeter

scales. In so doing, we operate on a scale two orders of

magnitude smaller than any prior studies using this

method. This presents practical challenges: smaller size

particles require increasing magnification and generate

ever weaker signals, which are eventually over-

whelmed by noise. As a proof of concept, we use our

experimental arrangement to study the flow structure

in the wake of settling spheres, down to a diameter of

157 lm. Furthermore, for this process we find that

perturbations of the horizontal density gradient far

exceed those of the vertical, requiring modification of

the axisymmetric method.

The layout of the paper is as follows. In Sect. 2 we

describe the experimental set-up. Then, in Sect. 3, we

present details of the axisymmetric Synthetic Schlieren

method. The results of our test case study of a settling

sphere are detailed in Sect. 4, prior to our conclusions

in Sect. 5.

2 Experimental set-up

The experiments were performed in a 0.48 m high,

63 mm long and 25 mm wide perspex tank, with

5.4 mm thick walls, standing on a vibration-damped

table, as shown in Fig. 1. The tank was filled with lin-

early stratified salt water using a double-bucket system

(Oster 1965), and left to stand for several hours to al-

low dissipation of any residual flows. Several spherical

density floats (American Density Floats) with densities

covering the range 1,010–1,060 kg m–3 in intervals of

10.0 kg m–3 were then released into the tank to mea-

sure the vertical density gradient dq/dz. The small size

of the floats (7 mm diameter) ensured that the density

gradient was not distorted by their presence. Regular

spacing of the vertical positions of the floats (i.e. their

neutral buoyancy heights) confirmed the linearity of

the density profile. The corresponding density gradient

was determined from a linear fit to this data. There was

no discernible motion of the floats, demonstrating the

absence of any convection in the tank that could have

affected the experimental results.

Experiments were performed using polystyrene

spheres of diameter 3.16 mm and 750,383 and 157 lm,

having density 1,050 kg m–3. A 3-stage micro-manipu-

lator mounted on top of the experimental tank facili-

tated the accurate deposition of the spheres, ensuring

their release in the center of the tank and subsequent

passing through the desired observation window as

they settled. The micro-manipulator held a partially

submerged conical injector (a 1 ml pipette) with an

entrance diameter of 9.5 mm and an exit diameter of

3.3 mm, through which the spheres were released into

the tank. The 3.16 mm and 780 lm spheres were

deposited into the conical injector using a pair of

tweezers. This was not feasible for the 383 and 157 lm

spheres, which were instead mixed in very dilute

quantities into a water sample, and then released into

the conical injector using a 1 ml pipettor.
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Fig. 1 Schematic of the experimental set-up
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To image the wake of the settling spheres using

Synthetic Schlieren, a 20 mm-square mask consisting

of a random pattern of 35 lm dots was printed on

transparency film using a high-resolution image-setter.

The same mask was used for all experiments. The

pattern was mounted a distance B = 83 mm behind the

back wall of the tank, and imaged at 20 frames per

second using a PCO 1600 CCD camera, operating at a

resolution of 800 · 600 pixels. The camera was

mounted on a Nikon SMZ 1000 stereo-microscope

fitted with a P-Achro 0.5· objective, positioned a dis-

tance L = 189 mm in front of the mask, corresponding

to the maximum working distance. Magnification fac-

tors of 7.5·, 10· and 15· were used, corresponding to

observation windows of 15.2 · 11.4, 11.5 · 8.6, and

7.6 · 5.7 mm2, respectively.

Images were captured using IPLab (Scanalytics) and

the apparent displacements of the mask, caused by

perturbations of the density stratification, were deter-

mined using DigiFlow (2006). To minimize the effect

of thermal fluctations, a thermal isolation tunnel was

placed between the microscope and the tank, and the

reference image required by Synthetic Schlieren was

an average of the first ten frames captured prior to the

settling sphere entering the observation window.

3 Data analysis and processing

We begin by reviewing the axisymmetric Synthetic

Schlieren technique detailed in Onu et al. (2003), be-

fore presenting the inverse tomographic method, with

modifications relevant to studying the wake of a set-

tling sphere.

3.1 Theoretical background

The path followed by a light ray in a stratified fluid

satisfies Fermat’s variational principle

d
Z

nðx; y; zÞds ¼ 0: ð1Þ

Here s is the along-the-light-ray coordinate and

n(x,y,z) is the refractive index field that is a function

of across-tank (x), along-tank (y) and vertical

coordinates (z) (see Fig. 1). Assuming the tangent to

the light ray path always has a component in the y

direction, the path can be described by x(y) and z(y):

the former satisfies

d2x

dy2
¼ 1þ dx

dy

� �2

þ dz

dy

� �2
" #

1

n

@n

@x
; ð2Þ

(Weyl 1954), and the latter the same equation with x

and z interchanged. Provided that a light ray remains

sufficiently parallel to the y direction, the nonlinear

terms in (2) become negligible (for our set-up these are

O(10–2) or less), and the equations for x(y) and z(y)

decouple. Since we anticipate horizontal density gra-

dient perturbations, and thus horizontal refractive in-

dex gradient perturbations, to greatly exceed vertical

ones (except perhaps in a small region in front of the

sphere where isopycnals are compressed), our focus will

be on the horizontal deflection of a light ray. By direct

integration the x-component of a light-ray path is then

xðyÞ ¼ xi þ ycot/i þ
1

n0

Zy

0

Zŷ

0

@n

@x
d^̂y dŷ; ð3Þ

where xi and /i are the location and angle of incidence

in the horizontal plane at the point a light ray enters

the tank, respectively.

Repeatedly applying Snell’s law to a light ray that

passes from a mask placed behind the tank to the

camera, and making use of the relation 1
n0

@n
@x ¼

cg
q0

@q
@x; the

apparent horizontal displacement Dx of a feature in the

mask due to a perturbation q¢(x, z) of the density field

in a tank of width W is

Dx ¼ �K1

ZW

0

@q0

@x
dy�K2

ZW

0

Zy

0

@q0

@x
dŷ dy: ð4Þ

Here K1 ¼ cgn0

q0

B
na
þ P

np

� �
;K2 ¼ cg

q0
;P is the thickness of

the container walls, na and np are the refractive indices

of air and the tank walls, respectively, q0 and n0 are the

characteristic density and refractive index of salt-water,

g is the acceleration of gravity, and c = 1.878 m–1 s2

for salt-water.1 For an axisymmetric disturbance

extending over a characteristic length-scale V, the first

term in Eq. 4 scales as BV (for B >> P), whereas the

second term scales as V2. For microscale applications,

V << B and the signal is dominated by the first integral.

In general, Eq. 4 is fully three-dimensional, but in

the special case of an axisymmetric disturbance it can

be solved using two-dimensional techniques. This was

demonstrated for the axisymmetric wavefield gener-

1 In deriving (4) we have corrected a sign in the presentation of
the formulation in Dalziel et al. (2000), Flynn et al. (2003), Onu
et al. (2003), and Sutherland et al. (1999); the results in those
papers remain unaffected (S. Dalziel, personal communication,
2005/2006; B. Sutherland, personal communication, 2006). We
have also included a multiplicative factor 1/n0 on the right-hand
side of (4) that is missing in Flynn et al. (2003) and Onu et al.
(2003).
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ated by an oscillating sphere, where @q0

@z was determined

from apparent vertical displacements (Onu et al.

2003). Here we use a modified version of the same

technique to measure @q0

@x ; which itself is not axisym-

metric, but can be derived from the axisymmetric

quantity @q0

@r ¼ r
x
@q0

@x : The integral equation we consider is

therefore

Dx ¼ �K1

ZW

0

@q0

@r

x

r
dy�K2

ZW

0

Zy

0

@q0

@r

x

r
dŷ dy: ð5Þ

This provides a means for determining @q0

@r from mea-

sured apparent displacements Dx of a mask, as de-

scribed in the following section.

3.2 Axisymmetric inverse tomography

First, we consider a 2V · 2V horizontal cross-section of

the wake behind a settling sphere, centered on the line

of axisymmetry, and outside of which density pertur-

bations are negligible. This domain is discretized into a

series of rings in the manner shown in Fig. 2.

Consider the N-component vector of apparent hor-

izontal displacements

D ¼ ½Dxðx1Þ;Dxðx2Þ; . . . ;DxðxNÞ�; ð6Þ

in which xi are the evenly spaced horizontal locations

at which apparent displacements are measured. Since

the wake structure is axisymmetric, @q
0

@r can be discret-

ized as the N component vector

Q ¼ @q0

@r
ðR0Þ;

@q0

@r
ðR1Þ; . . . ;

@q0

@r
ðRN�1Þ

� �
; ð7Þ

where Ri represents the mean of the inner and outer

radii of the ith ring and we have assumed @q0

@r ¼ 0 in the

outermost (shaded) region in Fig. 2. Therefore, the two

integrals in Eq. 5 can be approximated at xi by

ZV

�V

@q0

@r

x

r
dy ’ 2

XN�1

j¼i�1

@q0

@r
ðRjÞ

xi

Rj
Dyij ¼ G1Q; ð8Þ

and

ZV

�V

Zy

�V

@q0

@r

x

r
dŷdy ’

X2N

k¼1

D~yik

Xk

j¼1

D~yij
@q0

@r
ð~RjÞ

xi

~Rj

¼ G2Q;

ð9Þ

where Dyij is the length of the horizontal transect in

ring j (the central ring is labeled 0) corresponding to

position xi, as shown in Fig. 2; D~yij ¼ Dyiðj�N�1Þ and
~Rj ¼ Rj�N�1 if j ‡ N + i, D~yij ¼ DyiðN�jÞ and ~Rj ¼ RN�j

if j £ N – i + 1, and D~yij ¼ 0 otherwise; and G1 and G2

are N·N mesh-dependent matrices.

The integral equation 5 is thus converted into the

discrete problem

D ¼ �ðK1G1 þK2G2ÞQ; ð10Þ

which can readily be solved by inverting the matrix

K1 G1 + K2 G2. Before analyzing the experimental

data, we successfully tested the numerical implemen-

tation of this algorithm for the axisymmetric density

perturbation q0 ¼ e�r2
, for which Eq. 5 can be solved

analytically.

4 Results and discussion

Our first application of the microscale Synthetic

Schlieren technique was for a 780 lm diameter sphere

settling in a stratification with N = 1.31 s–1, and Rey-

nolds number Re = 4.1. For these experiments we used

7.5 · magnification, corresponding to a resolution of

19 lm/pixel. Figure 3 shows an example of the wake

behind the sphere, obtained by subtraction of the ref-

erence image. This technique is commonly referred to

as qualitative Synthetic Schlieren (Dalziel et al. 2000),
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Fig. 2 Discretization of the horizontal plane used for tomo-
graphic inversion in the wake above the center of a settling
sphere. The radial density gradient perturbation is constant
within each ring and zero in the outer shaded region
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and approximates the magnitude of the density gradi-

ent perturbations. Despite this relatively crude pro-

cessing, the structure of the wake is already evident. It

is highly symmetric about the dark vertical centerline,

where distortions of the pattern are small. Further-

more, the wake is approximately 5-mm wide and more

than 22-mm long, greatly exceeding the size of the

sphere.

The structure of the wake, in particular its symme-

try, is even more evident in Fig. 4, which presents a

contour plot of the apparent horizontal displacements

Dx of the mask. This data was obtained using the pat-

tern-matching algorithms of DigiFlow (2006), with an

interrogation-window of 19 pixels and a window-spac-

ing of 16 pixels, corresponding to approximately 20

data points across the width of the wake. A spatial

zero-phase, low-pass Butterworth filter was used to

remove high-frequency noise prior to axisymmetric

processing. Characteristic horizontal displacements

were on the order of 0.5 pixels (9.5 lm), demonstrating

good operating conditions for the pattern matching

techniques, which are accurate to better than 0.1 pixels

(Dalziel et al. 2000).

One practical difficulty of Synthetic Schlieren at the

microscale is that the small depth of focus of the video-

microscope requires the sphere to be very close to the

mask (small B) in order to have both in focus. This

conflicts with the demand that the sphere be suffi-

ciently far from the mask to generate a strong enough

signal, as discussed earlier in regards to Eq. 4, effec-

tively precluding focusing on both the mask and the

sphere at the same time. Thus the sphere itself cannot

be clearly resolved in the image. While one could

envisage an experimental set-up that includes a second,

synchronized video-microscope focused on the sphere

and capable of simultaneously tracking its location, we

could visually determine the position of the sphere in

each raw image to within one sphere radius. For the

data in Fig. 4, the center of the sphere was approxi-

mately (x, z)=(0.3, –0.1) mm.

The apparent horizontal displacements Dx measured

along a cross-section of the wake approximately four

diameters above the sphere, indicated by the dashed

line A in Fig. 4, are presented in Fig. 5. The horizontal

density gradient perturbation @q0

@r was then obtained

from Dx using the axisymmetric algorithm detailed in

Sect. 3. Figure 5 shows that the magnitude of @q0

@r

(~220 kg m–4) is greater than the background vertical

stratification (~180 kg m–4), implying strong distortions

of isopycnals by the settling sphere. In contrast to

previous studies of internal waves, it is interesting to

recognize that Synthetic Schlieren can reliably detect

such dramatic nonlinear distortions of the background

stratification. This is due to the region of influence of

the sphere being highly localized and therefore still

generating only a weak deflection of the light ray

passing though the tank. In obtaining @q0

@r ; we enforced

Dx = 0 at either end of the profile, smoothly tapering it

Fig. 3 Qualitative Synthetic Schlieren visualization at 7.5· of the
wake of a 780 lm sphere. The figure is a composite of two
frames. The intensity approximates the magnitude of the density
gradient
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off over the last 10 pixels. This was done to avoid far-

field apparent displacements Dx, which are on the

order of the background noise level (0.02 pixels), being

amplified by the axisymmetric processing and deterio-

rating the density perturbation profile.

Integrating @q0

@r along a radial transect and adding the

background stratification yields the perturbed density q
at a given cross-section of the wake. This is illustrated in

Fig. 6 for the transects A, B, and C, indicated in Fig. 4,

which are 4, 8, and 12 diameters above the sphere,

respectively. The accuracy of the method is supported

by the fact that, after integration across the wake, only a

minor density mismatch exists between the far field on

the left and the right of the sphere (<0.016 kg m–3). As

one might expect, Fig. 6 shows that lighter fluid is

dragged downwards by the settling sphere. The fluid at

the center of the wake has been dragged down a distance

q0=@q@z; corresponding to 1.9 mm for transect A, 1.6 mm

for transect B, and 1.2 mm for transect C. We note that

this corresponds to about 1 sphere diameter. The three

transects show that the density perturbations diminish

along the wake, although Fig. 4 reveals that there is a

2 mm region immediately behind the sphere in which

the opposite is true.

To test the operational limits of our setup, we per-

formed additional experiments with smaller spheres, of

diameter 383 and 157 lm, using 10· and 15· magnifi-

cation, respectively. The apparent horizontal dis-

placements and the corresponding radial density

gradient perturbations measured four diameters above

a 383 lm sphere settling in a stratification with

N = 1.17 s–1 are shown in Fig. 7. The signature of the

wake can still clearly be detected by Synthetic Schlie-

ren, although it is noticeably weaker, with apparent

displacements that are about one quarter of those for

the 780 lm sphere. After processing, the resulting ra-

dial density gradient perturbations are smaller by

roughly the same ratio.

On an even smaller scale, cross-sectional data of the

maximum detected horizontal displacement anywhere

along the wake of a 157 lm sphere is presented in

Fig. 8. While there is evidence of antisymmetric

apparent displacements (highlighted by the dashed line

that guides the eye) similar to those in Figs. 5 and 7,

the magnitude of this signal is significantly smaller than

for the larger spheres. Furthermore, the signal is

compromised by the experimental noise, indicating

that a 157 lm sphere lies at the lower detection bound

for our experimental setup.

To quantify the background noise we performed

experiments in the absence of a settling sphere. A
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stratification was established and left to stand for six

hours, after which apparent displacements of the mask

were determined using the same technique as above.

The noise, likely due to a combination of small-scale

mechanical vibrations, light intensity fluctuations and

thermal disturbances both external and internal to the

microscope, was on the order of 0.02 pixels. This is at

the limit of what can be detected using pattern-

matching techniques (Dalziel et al. 2000).

At the other end of the scale, for strong density

gradient distortions the Synthetic Schlieren technique,

which assumes small deflections of light rays, breaks

down and is only capable of providing qualitative data.

For a given sphere density, this effectively imposes an

upper bound on the largest sphere whose wake can be

studied quantitatively. Our experiments with a poly-

styrene sphere of 3.16 mm diameter, for example,

produced mixing, which in turn generated highly non-

linear distortions of the mask.

5 Conclusion

In order to facilitate quantitative studies of environ-

mental processes in the ocean involving the motion of

microscale particles and organisms through stratified

fluids, we have extended the application of Synthetic

Schlieren techniques to the microscale. We tested our

method on settling spheres, for which it is the structure

of the wake rather than radiated internal waves that is

primarily responsible for distorting the background

stratification. In the wake, density gradient perturba-

tions in the horizontal far exceed those in the vertical,

requiring modification of the previous formulation of

axisymmetric Synthetic Schlieren (Onu et al. 2003).

For quantitative data, the method is limited to axi-

symmetric disturbances, while it can still provide

qualitative information on the flow structure for non-

axisymmetric disturbances or in the presence of strong

mixing.

We could clearly detect and characterize the wake

of 780 and 383 lm spheres, finding that lighter fluid is

dragged downwards in a wake, the size of which greatly

exceeds that of the sphere. As the sphere size was

decreased further, the signal generated by the density

gradient perturbations approached the background

noise level. Even for a 157 lm sphere, however, we

were able to detect a wake signature. We are currently

working on applying this technique to elucidate the

fluid mechanics of a stratified wake, in particular the

suggested strong increase in drag coefficient (Torres

et al. 2000).
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